A modification to existing phenomenological inelastic collision selection procedures suitable for modeling the internal energy exchange processes of gas mixtures in direct simulation Monte Carlo calculations is presented. The selection procedure does not depend on the relative order of rotational and vibrational relaxation processes and does not require the solution of a quadratic equation for every collision to determine the inelastic collision probability. The simulated relaxation process resulting from the selection procedure is analytically proven to be equivalent to the procedures of Haas et al. 
I. INTRODUCTION
When implementing phenomenological models for rotational/vibrational relaxation and chemical reactions in direct simulation Monte Carlo (DSMC), different authors (and different DSMC codes) generally use different inelastic collision selection procedures. [1] [2] [3] [4] For example, three widely used inelastic collision selection procedures include pair selection, 5, 6 particle selection permitting double relaxation, 3 and particle selection prohibiting double relaxation. 1 However, it has been shown that to correctly simulate a specified relaxation rate, the inelastic collision probability expression used within the DSMC method must depend on, or be specific to, the selection procedure. 1, 2, 6 Only the consistent use of a selection procedure and its corresponding probability expression will result in a DSMC simulation reproducing the desired relaxation rate. This subtlety can complicate the transferability of probability expressions (collision models) between DSMC implementations and can also lead to inconsistent comparisons of DSMC simulations with continuum simulations involving internal energy relaxation in the near-equilibrium limit.
In continuum simulations, relaxation processes are usually modeled by the Jeans equation or Landau-Teller equation which have the same form,
where E(t) is the average energy at time t of either the rotational or vibrational mode associated with ζ degrees of freedom and τ is the characteristic relaxation time of the energy mode. E*(t) is the instantaneous equilibrium energy of the energy mode, which is defined according to the a) Electronic mail: zhang993@umn.edu b) Electronic mail: schwartz@aem.umn.edu 106105-2 C. Zhang and T. E. Schwartzentruber Phys. Fluids 25, 106105 (2013) instantaneous translational temperature T t (t), as
The characteristic relaxation time τ in Eq. (1) is determined as a function of the equilibrium gas temperature in previous theoretical and experimental studies. 7, 8 τ is usually expressed as a function of the mean collision time τ c , and an inelastic collision number Z in the following manner:
Thus, a rotational or vibrational inelastic collision number (Z rot , Z vib ) is used to specify the relaxation rate, which in general, may be a function of temperature. To simulate these relaxation processes in DSMC, each particle involved in a collision is considered for internal energy exchange with an inelastic collision probability,
Here, ζ t represents the translational degrees of freedom of the collision pair. ζ rot and ζ vib are the effective internal degrees of freedom of the rotational and vibrational energy modes (corresponding to collision partners A and B) participating in the inelastic collision. [1] [2] [3] 9 As an example, for the variable hard sphere (VHS) molecular model 3 with a temperature dependent viscosity exponent of ω, the translational degrees of freedom participating in a collision is ζ t = 5 − 2ω. In general, the exact form of Eq. (4) is specific to the inelastic collision selection procedure used to model the relaxation process. [1] [2] [3] [4] A number of these inelastic collision selection procedures have been discussed in several papers, including Lumpkin et al., 6 Haas et al., 1 and Gimelshein et al.
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The effect of the collision selection procedure on the simulated relaxation process is most significant for gas mixtures, since some selection procedures inherently couple the relaxation probabilities and internal energy redistribution processes of the different species. To remedy this, Haas et al. 1 constructed a framework for rotational and vibrational relaxation suitable for mixtures. However, to relate the DSMC inelastic collision probabilities (P rot , P vib ) with the corresponding collision numbers (Z rot , Z vib ), a set of quadratic equations must be solved during each collision for the case when the collision numbers are temperature dependent. In an article on vibrational relaxation, Gimelshein et al. 2 used a modified version of the framework by Haas et al. 1 that uses a single random number to determine the probabilities of rotational and vibrational energy exchange between the colliding particles and does not require the solution of quadratic equations. However, the simulated probabilities do not explicitly appear in the algorithm by Gimelshein et al., 2 rather they result from inequalities evaluated using the random number. As a result, it is not clear that the techniques of Haas et al. 1 and Gimelshein et al. 2 produce the same simulated relaxation for gas mixtures and, furthermore, the modified algorithm by Gimelshein et al. was not tested on a gas mixture in the article. 2 In this paper, we present a modification to the approach taken by Haas et al., 1 which also removes the requirement of solving a set of quadratic equations during each collision, but where the simulated probabilities of rotational and vibrational energy relaxation appear explicitly in the algorithm. Ultimately, through this new algorithm, we are able to analytically prove the equivalence of all three algorithms and demonstrate the ability to accurately simulate specified internal energy relaxation rates in gas mixtures. Section II A summarizes the most widely used inelastic collision selection procedures with specific discussion regarding simulated relaxation processes in gas mixtures. In Sec. II B, the proposed sequential probability selection procedure is described and the simulated relaxation process for gas mixtures is analytically proven to be equivalent to that produced by the procedures of Haas et al. 1 and Gimelshein et al. 2 A discussion of the computational efficiency of the three procedures is also presented. The ability of the proposed selection procedure to simulate specified internal energy relaxation rates is demonstrated in Sec. II C through comparison with analytical solutions for isothermal relaxation, and conclusions are contained in Sec. III.
II. A SEQUENTIAL PROBABILITY COLLISION SELECTION PROCEDURE

A. Existing inelastic collision selection procedures
For clarity, we summarize the three widely used inelastic collision selection procedures as they apply to rotational relaxation. For inelastic collisions involving vibrational energy exchange, the procedures are identical, only the internal energy mode is altered.
A. Pair selection: 5, 6 The collision pair is tested for rotational inelastic collision with a probability, and once the collision pair is selected, the energy of both particles in the pair is redistributed. Specifically, the total collision energy E T = E t + E r, A + E r, B is redistributed between translational and rotational modes, as E t and E r , using the Borgnakke-Largsen (BL) model, 10 with E T = E r + E t . The post collision rotational energy E r is then distributed between the two collision partners as E r,A , E r,B again using the BL model with E r = E r,A + E r,B .
3 Each of the three inelastic collision selection procedures has a limit on the smallest collision number that can be simulated in DSMC, which corresponds to a simulated rotational inelastic collision probability of 1. Suppose the translational degrees of freedom of the collision pair is ζ t = ζ t A|B , and the rotational degrees of freedom is ζ rot , with ζ rot = ζ rot, A + ζ rot, B , where ζ rot, A and ζ rot, B are the rotational degrees of freedom of the two participating molecules A and B. For the pair selection procedure, as developed in previous studies, 1, 6 the probability should be set as P rot = , which is approximately 2 for nitrogen. Similarly, there is a smallest vibrational collision number that can be simulated. B. Particle selection permitting double relaxation: 3 Each particle in the collision pair is tested with a probability for rotational inelastic collision individually. If the first particle is selected for an inelastic collision, the BL model is used to redistribute the total collision energy between the translational energy of the pair and the rotational energy of only the selected particle. The second particle in the pair is then tested for a rotational inelastic collision. If selected, the total collision energy used in the BL procedure includes the redistributed translational energy of the pair from the first collision and only the rotational energy of the second particle. Thus, if both particles are selected for an inelastic collision, there is some degree of coupling between their relaxation processes. For this selection procedure, suppose the molecule (particle) under consideration has rotational degrees of freedom ζ rot (ζ rot = ζ rot, A or ζ rot, B ), similarly, the smallest rotational collision number that can be simulated in DSMC is
For molecule-molecule collisions, this number is slightly smaller compared to the first selection procedure, since ζ rot only includes the degrees of freedom of one molecule. Similarly, there is a smallest vibrational collision number that can be simulated in DSMC. C. Particle selection prohibiting double relaxation: 1 The two particles in the collision pair are tested with a probability for rotational inelastic collision individually. In this case, the total collision energy is always the sum of the relative translational energy of the collision pair and the rotational energy of only the particle being considered. However, if one particle is selected to undergo a rotational inelastic collision, the other particle is not tested for an inelastic collision, and the relaxation process for the collision pair ends. Otherwise, the same procedure is then applied to the second particle in the pair. For this selection procedure, to have all types of inelastic collisions correctly simulated in DSMC, we need to satisfy P rot,1 + P rot,2 + P vib,1 + P vib,2 < 1 as given later in Eq. (9) . Compared to the two previous selection procedures this will correspond to a larger Z limit rot and Z limit vib that can be simulated in DSMC. Moreover, since the inequality needs to be satisfied, all values in the sum must be determined as a whole.
Selection procedure (A) couples the relaxation probabilities and energy redistribution processes for collision pairs of different species, and thus couples the simulated relaxation process. Although not as direct as procedure (A), procedure (B) also couples the energy redistribution processes of 1 In the figure, R j (j = 0, 1, ..., 8) are uniform random numbers between 0 and 1, and P rot,i , P vib,i (i = 1 or 2) are the rotational and vibrational inelastic collision probabilities used in DSMC for particle i.
species when both particles are selected for rotational relaxation (i.e., double relaxation). Furthermore, when both rotational and vibrational relaxation processes are considered, sequential testing for rotational followed by vibrational inelastic collision, in selection procedures (A) and (B), will inherently couple the rotational and vibrational relaxation processes. Although such coupling may seem physically realistic, it is stressed that the DSMC collision models discussed here are phenomenological and are constructed to reproduce specified internal energy relaxation rates (collision numbers, Z) for a given energy mode and species interaction. For this reason, in order to accurately simulate the relaxation process of mixtures, Haas et al. 1 and Gimelshein et al. 2 recommend using selection procedure (C) to decouple the rotational and vibrational relaxation of different species.
The logical steps followed by selection procedure (C) are depicted in Fig. 1 (this is constructed by Haas et al., 1 and is later adapted by Gimelshein et al. and used in a modified form 2 ). First, one of the two particles (from the collision pair) is selected with equal chance and is tested for rotational relaxation with a specified collision probability P rot, 1 (suppose particle 1 is selected first). As discussed above, if the particle is chosen to undergo an inelastic collision, the BL model is used to redistribute the post collision energy and the relaxation of the current pair will finish. Only when the first particle does not undergo a rotational inelastic collision, will the second particle in the collision pair be tested for a rotational inelastic collision with probability P rot, 2 . Again, the relaxation of the current pair will end if the second particle undergoes an inelastic collision. Only when the second particle is not chosen for a rotational inelastic collision, will the two particles be tested individually for a vibrational inelastic collision. In the same manner, the first particle will be tested with a specified probability P vib,1 and only if not selected will the second particle be tested with probability P vib,2 .
As initially proposed by Haas et al., 1 the probabilities P rot, 1 , P rot, 2 , P vib,1 , and P vib,2 are obtained by solving the set of quadratic equations listed in Eqs. (5a)-(5d). These equations relate the probabilities used within DSMC (P rot and P vib ) to specified continuum rotational collision numbers (Z rot and Z vib ). If the collision numbers are not constant (for example, they may be temperature dependent), then the quadratic equation must be solved for every collision. We also note that if the order of testing for rotational and vibrational inelastic collisions is reversed, then the quadratic 106105-5 C. Zhang and T. E. Schwartzentruber Phys. Fluids 25, 106105 (2013) equations and instances of P rot, 1 , P rot, 2 , P vib,1 , and P vib,2 must be changed accordingly,
The specific notation used in Eqs. (5a)-(5d) and throughout the remainder of this article requires a careful description. As depicted in Fig. 1 , before starting the collision procedure, the two particles in the pair must be assigned a number (either particle 1 or 2). We use a subscript, i, to denote the particle numbering of the pair (i = 1 or i = 2). We further note that i does not denote a specific particle type, thus particles i = 1 and i = 2 may be the same, or different, particle type (monatomic, diatomic, or polyatomic). In this manner, all parameters denoted by a subscript i (such as P rot, i , Z rot, i , ζ rot, i , etc.) are specific to the relaxation process of particle i. For example, ζ rot, i and ζ vib,i are the rotational and vibrational degrees of freedom of only particle i, whereas ζ t represents the available translational degrees of freedom of the collision pair (and thus has no subscript). Furthermore, Z rot, i and Z vib,i are the rotational and vibrational inelastic collision numbers specific to the relaxation of particle i during a collision with the other particle in the pair. For example, if both particles are of the same type (A for example) then the collision numbers for the two particles would be equal (i.e., Z rot, 1 = Z rot, 2 = Z rot, A|A ). However, if the two particles were of different types (A for i = 1 and B for i = 2, as an example), then the collision numbers would be Z rot, 1 = Z rot, A|B and Z rot, 2 = Z rot, B|A where in general, Z rot, A|B may be specified as not equal to Z rot, B|A .
B. Formulation of the sequential probability selection procedure 1. Proposed modification to the selection procedure of Haas et al.
In this section, we propose a modification to the particle selection prohibiting double relaxation procedure. 1 We keep the structure of selection procedure (C) as shown in Fig. 1 unchanged, while using different expressions to calculate P rot, i and P vib,i appearing in the figure. With the modified procedure, we no longer need to solve the quadratic equations in Eqs. (5a)-(5d) during each collision when the collision numbers are not constant. In the original procedure,
1 the values of P rot, i appearing in both top and bottom branches of Fig. 1 are exactly equal (the same applies for P vib,i ), and this is what necessitates the solution of a quadratic equation. In our modified selection procedure (called the sequential probability selection procedure) the values of P rot, i and P vib,i appearing in the upper and lower branches of Fig. 1 are not the same. Rather, we calculate the appropriate probability for the specific particle currently under consideration for inelastic relaxation, taking into account the previous branching steps already completed and their associated probabilities.
Specifically, for the sequential probability selection procedure, when particle i = 1 is tested first (the upper branch of Fig. 1 ), the probabilities P rot, 1 , P rot, 2 , P vib,1 , P vib,2 used in the acceptancerejection technique for DSMC inelastic collision selection are calculated from the following expressions:
where
and
For vibration, if a continuous energy distribution is used, 3 then i = ζ vib,i . Whereas for the simple harmonic oscillator (SHO) discrete energy level model,
, T is the temperature and is usually set as the cell averaged translational temperature, i.e., T = T t and θ is the characteristic temperature of vibration (where all parameters are specific to particle i).
Alternatively, when particle i = 2 is tested first (the lower branch of Fig. 1 ), the probabilities P rot, 1 , P rot, 2 , P vib,1 , P vib,2 in Fig. 1 are still calculated using Eqs. (6a)-(6d), only now with subscripts 1 and 2 interchanged.
For such particle selection procedures prohibiting double relaxation, the constraint
must be satisfied. While Eq. (9) is satisfied for the majority of nonequilibrium flow problems, as evident from Eqs. (5a)-(5d) and (6a)-(6d), if F rot, i were to approach 0.5 there would be a vanishing number of particles available to be tested for vibrational relaxation and P vib,i may become larger than unity. Thus for generality, it is recommended to test for vibrational relaxation first, followed by rotational relaxation, since P vib,i is typically much smaller than P rot, i . This ensures that vibrational relaxation remains accurate even in extreme cases with very fast rotational relaxation. Changing the order of rotational and vibrational relaxation only requires interchanging the subscripts (rot, vib) in Eqs. (5a)-(5d) and (6a)-(6d). Similarly, when chemical reactions are considered, the collision pair should be tested for a chemical reaction first. In this situation, to avoid the slight bias introduced to the rotational and vibrational relaxation rate by the chemical reaction probability P react , the value A in Eqs. (6a)-(6d) can be modified to A = 1/(1 − P react . These expressions can be used in the actual implementation of the sequential probability selection procedure.
Finally, collision quantity dependent models 5, 11-16 do not have a direct relationship between the collision probability P and a collision number Z. For such models, F i is now a function of some collision quantities (collision energies, for example) and can simply replace the corresponding F i in Eqs. (6a)-(6d). In this manner, the prescribed relaxation behavior (collision quantity based) can be exactly simulated with no coupling between internal energy modes or species. Ultimately, the sequential probability particle selection procedure (detailed in Eqs. (6a)-(6d) to (8) ) is aimed at phenomenological DSMC models (either collision-number or collision-quantity based) which combine collision probabilities with the Borgnakke-Larsen model for energy redistribution. For state-to-state DSMC models, such as the recent model presented by Boyd and Josyula, 17 further consideration or perhaps a different strategy may be required to correctly simulate the specified state-to-state processes within a DSMC simulation.
Equivalence of sequential probability and original Haas et al. selection procedures
The sequential probability particle selection procedure (Eqs. (6a)-(6d) 
which represents the fraction of collisions (on average) that are required to be inelastic for A particles in order to achieve a relaxation rate consistent with Jeans equation using a collision number Z A|B . Given the notation described at the end of Sec. II A, Eq. (10) is identical to Eq. (7) (and Eq. (8) in the case of vibration). The objective is to ensure that the collision probabilities (P) used within the acceptance-rejection portion of the DSMC algorithm actually result in the correct inelastic collision fraction (F) being simulated. In the original Haas' selection procedure, F A|B should be the sum of the probability of two types of inelastic collisions: the relaxation of particle A in the upper branch of Fig. 1 , and the relaxation of particle A in the lower branch of Fig. 1 . For the case of rotation, the expression takes the following form (Eq. (B2) of Ref. 1 with the right-hand side written in current notation):
Equating Eqs. (10) and (11) For the sequential probability selection procedure, the collision probabilities appearing in the upper and lower branches of Fig. 1 2 . Consider the rotational relaxation of particle i = 1 (of type A) through a collision with particle i = 2 (of type B). Using Fig. 1 as a reference, Eqs. (6a)-(6d) gives the following probability expressions:
. Hence, using the sequential probability selection procedure, the DSMC simulated inelastic collision fraction F DSMC A|B is (by reference to Fig. 1 and Eq. (11)):
Thus, the simulated inelastic collision fraction resulting from the original Haas et al. selection procedure and the modified version (the proposed sequential probability selection procedure) are the same, and both are consistent with the Jeans equation using a specified collision number Z A|B .
Equivalence of sequential probability and Gimelshein et al. selection procedures
In the selection procedure by Gimelshein et al., 2 the calculation of the simulated collision probability for inelastic collisions and the subsequent use of the acceptance-rejection technique are combined together, and it is not immediately evident that the simulated relaxation is equivalent to that produced by the other two selection procedures. In this subsection, we present an analytical proof that this selection procedure is equivalent to the sequential probability selection procedure, and therefore the three selection procedures are equivalent in that they produce the same macroscopic relaxation rate.
We start with the equations shown in Fig. 1 
Based on our understanding, the four terms P r,A , P r,B , P v,A , P v,B in Fig. 1 2 in the current paper. Therefore, we have changed the notation of these four terms to the current paper notation when rewriting the above equations. In the Gimelshein et al. procedure, a random number R n between [0, 1] is first selected, and then subsequently used to test each type of relaxation collision according to the acceptancerejection technique. In these tests, the inequalities of the form R n < A 1 and A i < R n < A i + 1 (i = 1, 2, 3) are sequentially tested. If one inequality is true, then the corresponding inelastic collision relaxation is performed, and the procedure ends for the current collision pair. Only if one inequality does not hold, will the subsequent inequality be tested.
(1) R n < A 1 With the random number R n ∈ [0, 1] and the acceptance-rejection technique, we should have the simulated DSMC collision probability for rotational relaxation of particle 1 (particle A in Ref.
2) as
Denote
, and we have
This is equivalent to
where we have defined a new variable R *
. As a result, the DSMC simulated collision probability for rotational relaxation of particle 2 (particle B in Ref.
and R * 1 ∈ [
If R n < A 3 , then it corresponds to
]. With R n < A 3 , we then have
i.e.,
. As a result, the DSMC simulated collision probability for vibrational relaxation of particle 1 (particle A in Ref . 2) is
(24)
]. With R n < A 4 , we then have
This is equivalent to . As a result, the DSMC simulated collision probability for vibrational relaxation of particle 2 (particle B in Ref. 2 , which are the same as the collision probabilities given by the sequential probability selection procedure. Therefore, we have shown that the three approaches to select potential inelastic collisions according to the particle selection prohibiting double relaxation procedure are equivalent and will give the same macroscopic relaxation rate.
Time cost comparison of the three approaches
In this subsection, we give a rough estimation of the time cost of the three different approaches for particle selection prohibiting double relaxation. It should be noted, however, that the time cost of selecting appropriate particles to relax contributes a negligible portion of the total DSMC simulation time.
All operations required to calculate P rot, 1 , etc., are floating points. For the purpose of comparison, we prescribe that the time cost of summation/subtraction is 1, the time cost of multiplication/division is 2, the time cost of a square root is 3, the time cost of an IF statement is 4, and the time cost for generating one random number is 5. As an example, assume that the rotational collision numbers are Z rot, 1 = 5, Z rot, 2 = 10, and the vibrational collision numbers are Z vib,1 = 100, Z vib,2 = 200. By counting the total number of operations involved in each selection procedure, we arrive at an approximate total time cost for the three different particle selection prohibiting double relaxation procedures. The results are shown in Table I , for both the constant collision number and temperature dependent collision number cases. It should be noted, the time costs shown are rough estimations, and only account for the operations associated with the collision probability calculation, generating random numbers for acceptance-rejection techniques, and IF statements used to determine potential inelastic collision types. Again it is stressed that these time costs represent a negligible amount of the total DSMC simulation time cost.
C. Verification of the sequential probability selection procedure
To test the sequential probability selection procedure, we conduct an isothermal relaxation simulation for a mixture of two species, where the translational temperature of the system is maintained at a constant value of T t = 10 000 K. To maintain the translational temperature of the system at a constant value, each time step, we regenerate the velocities of all particles contained in the simulation domain, following a Maxwell-Boltzmann distribution at T t = 10 000 K. The rotational and vibrational energies of the particles are not changed during this process. Since the translational temperature is constant during an isothermal relaxation simulation, the mean collision time is also a constant, and the resulting Jeans equation has an analytical solution.
As outlined in Ref. 1, for a multi-species gas mixture, the internal energy relaxation rate of a species j is determined through summing all inelastic contributions due to collisions with all possible collision partners k in the system,
For isothermal relaxations, E * rot, j (t) = E rot, j (∞) and E * vib, j (t) = E vib, j (∞). If rotational and vibrational relaxation times are assumed to depend only on translational temperature, then τ rot = τ c Z rot and τ vib = τ c Z vib are constant, and Eqs. (31a) and (31b) have the following analytical solution:
Using E j = ζ j 2 k B T , the above two equations can be written in terms of temperature, as 
where ζ vib, j (0), ζ vib, j (∞) and ζ vib, j (t) are the effective vibrational degrees of freedom at time 0, ∞, and t, respectively. The specified rotational and vibrational collision numbers for the two species are listed in Table II , together with the VHS parameters used in the DSMC simulations. A characteristic vibrational temperature of θ v = 3390 K is assumed for both species. The two species have mole fractions of 0.3 and 0.7, respectively. The VHS model parameters used for the two species (ω, d ref in Table II) correspond to those of N 2 and O 2 , however, the rotational and vibrational collision numbers Z rot and Z vib do not correspond to the values for those gas species, and are set here for demonstration purpose only. The simulation results are shown in Fig. 2 for the relaxation history of the rotational and vibrational temperatures of each species in the mixture. It is evident that the sequential probability selection procedure is able to accurately simulate the specified relaxation rate.
As a further demonstration, a similar isothermal relaxation simulation is conducted using the pair selection procedure (selection procedure (A)). Specifically the form of Eq. (4) as given by both Lumpkin et al. 6 and Haas et al. 1 is used. This simulation considers only rotational relaxation and the rotational collision numbers are modified from Table II to be Z rot = 10 for collisions 1|2 and 2|1, and to be Z rot = 20 for collision 2|2. The results using the sequential probability selection procedure are shown in Fig. 3(a) and the results from the pair selection procedure (selection procedure (A)) are shown in Fig. 3(b) . Clearly, the results using the pair selection procedure do not agree with the analytical solution for the mixture, whereas the sequential probability selection procedure exactly reproduces the analytical solution in the same manner as the original procedure of Haas et al. 
III. CONCLUSIONS
A modification to existing inelastic collision selection procedures is presented, which is referred to as the sequential probability selection procedure. Simple expressions for the inelastic collision probabilities used in DSMC simulations are detailed that do not require the solution of a set of quadratic equations for each collision. This modified procedure is analytically proven to be equivalent to both the original procedure of Haas et al. 1 and the modified framework of Gimelshein et al. 2 Thus, all three procedures (for particle selection prohibiting double relaxation) simulate the same internal energy relaxation processes in gas mixtures and the ability to accurately simulate prescribed phenomenological relaxation rates for mixtures is demonstrated. Accuracy of the modified selection procedure is verified through comparison with analytical solutions for rotational and vibrational isothermal relaxations. The modified procedure of Gimelshein et al., 2 that achieves specified relaxation rates using a single random number for each collision, has the simplest implementation and is more computationally efficient than the sequential probability selection procedure presented in this article. However, the simulated probabilities do not explicitly appear in the algorithm by Gimelshein et al., 2 rather they result from inequalities evaluated using the random number. Whereas the sequential probability selection procedure uses the simulated probabilities directly within the algorithm. This difference does not affect the capabilities or predictions of either selection method and is simply a matter of preference between implementation styles.
It is noted that the computational cost of any of the three selection procedures is negligible compared to the overall cost of a DSMC simulation. Thus, the purpose of this article is to convey a clear understanding of the accuracy implications of the inelastic collision selection process for DSMC simulations of gas mixtures, to prove the equivalency of various selection procedures, to verify their ability to reproduce phenomenological internal energy relaxation rates in gas mixtures, and finally to detail the implementation of these procedures so that no inconsistencies are introduced when probability expressions (collision models) are transferred between DSMC implementations and when DSMC simulations are compared with continuum simulations.
